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Introduction

The spin-3/2 particles in QFT are described by the spin-vector field W# —
so called Rarita-Schwinger field.

Main problems and paradoxes are related with "extra"components of
spin-1/2 in ¥* (Johnson,Sudarshan,1961; Velo,Zwanziger,1969).

In spite of a long history the properties of this field are discussed up to
now. Main reasons for it are related with experiments on production of
baryon resonances of spin-3/2, most investigated of them is the A(1232).

There are two different opinions concerning spin-1/2 sector.

Most straight way for investigation of non-leading contributions spin-1/2 is
to construct the dressed propagator with account of all contributions. So we
suggest to go in this direction.
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Introduction

The standard free lagrangian (with unphysical spin-1/2 sector) is
L = UTUrAPDY,
A= (p— Mg + AL + 7P + 5 (38 + 24+ D¥py’ +
+M(34% + 34 + 1)y~

Here A is an arbitrary real parameter, p,, = i0,.
This lagrangian is invariant under the point transformation:

A— 2«
1l + 4o

UH — U = (g + ay!'~")U”, A— A =

’

with parameter oo # —1/4.
It’s not difficult to build the corresponding free propagator G;".

As concerned for the dressed propagator, its construction is a more
complicated issue and its total expression is unknown up to now.
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Introduction

Below we discuss the following:

v" We derive an analytical expression for propagator of the interacting
Rarita-Schwinger field with accounting all spin components and
discuss its properties. The crucial point for it is the choosing of a
suitable basis.

v We discuss also dressing of Dirac fermions in search of the nearest
analogy for dressing the s=1/2 sector of Rarita-Schwinger field.

If to say about possible application for phenomenology, the considered
problem is in fact a problem of exact form of resonance curve A(1232).
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Basis for spin-tensor S*(p)

e The y-matrix basis:

St (p) =g"” - sy + p'p” - so+

+ pp'p” - s3 + pg"” - s+ p'y s+ p" - se+
+ ot .57 + a’“pApV . Sg + a”ApAp” - Sg + 7A75zs”””ppp - 810.

Here o = 5[v",7"], p=p", si(p?).
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Basis

e Another known basis (p basis) is constructed through the use of:

2ptp” 1
3/2\uv _ pv _ 2 DTN
(Po)" =g 3 2 37’y+32(7p —7'p")p,
] 1 ptp” ]

1/2,uy:_,uy__pp o TN VN VSN 1A PN

1/2\uv p,upu
(7322 )M p2 ’

% 3 I AN A NV % 3 l % PSP

(PyP)" = 2 3 PP (P P = 2 3P (P P,

Decomposition of S#(p):

SH(p) = (St + Sop) (PP?) + (S5 + Sab) (PI{H)™ + (S5 + Sep) (Pay’ )"+
+ (57 + Ssp) (Py{*)"™ + (So + S10p) (P11
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Basis

e We suggest to use the most convenient at multiplication basis (let’s

call it A-basis). It is built from the operators (P3/2)" (73}]-/2)”” and

off-shell projection operators A=

A=t
2 Vr?

We assume +/p? to be the first branch of analytical function. Ten
elements of this basis look as

PL=ATPY2 Py =ATPIZ Py =ATPLE P =ATPNE Py =ATP?
Py =A"PY2  Py=A"P!? Py =A"PLU: Pyg=A"PM P =A"Pl?

where tensor indices are omitted.
The decomposition of S*”(p):

10
S"(p) =) PI"Si(p?).
i=l1
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Properties of A-basis

B The coefficients S; are calculated in analogy with v-matrix ones.
B The transfer matrix from - to A- basis is not singular.

B Multiplicative properties P;(column) x Pj(row):

Pr Pe Ps Py Ps Ps Pr Ps Po P
Pr Pt 0 0 0 0 0 0 0 0 0
Po 0 P 0 0 0 0 0 0 0 0
Ps 0 0 Ps 0 0 0O P; O 0 0
Py 0 0 0O P, 0 0 0 Pg O 0
Ps 0 0 0 0 Ps O 0 0 Pq 0
Ps 0 0 0 0 0 Ps O 0 0 Pio
P7 0 0 0 0 0O P, O 0 0 P
Ps 0 0 0 0 Pg O 0 0 Py 0
Py 0 0 0 Py O 0 0O Py O 0
Plo 0 0 Pw O 0 0 Ps O 0 0
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Properties of A-basis

B The coefficients S; are calculated in analogy with v-matrix ones.

B The transfer matrix from - to A- basis is not singular.

B Multiplicative properties P;(column) x Pj(row):

Pr P | Ps Py Ps Ps Pr Ps Po P
Pl Pr 0 0 0 0 0 0 0 0 0
Po 0 P 0 0 0 0 0 0 0 0
Ps 0 0 | Ps 0 0 0O P; O 0 0
Py 0 0 0O P, 0 0 0 Pg O 0
Ps 0 0 0 0 P O 0 0 Pq 0
Ps 0 0 0 0 0 Ps O 0 0 Pio
P7 0 0 0 0 0O P; O 0 0 P
Ps 0 0 0 0 Pg O 0 0 Py 0
Po 0 0 0 Py O 0 0 Py O 0
Plo 0 0 | Po O 0 0 Ps O 0 0
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Properties of A-basis

B The coefficients S; are calculated in analogy with v-matrix ones.
B The transfer matrix from - to A- basis is not singular.
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Properties of A-basis

B The coefficients S; are calculated in analogy with v-matrix ones.
B The transfer matrix from - to A- basis is not singular.

B Multiplicative properties P;(column) x Pj(row):

P P Ps Py Ps Ps | Pr Ps Po P
Pl Pr 0 0 0 0 0 0 0 0 0
Po 0 P 0 0 0 0 0 0 0 0
Ps 0 0 s 0 0 O |P; O 0 0
Py 0 0 o P, O 0 0 Pg O 0
Ps 0 0 0 0 P 0 0 0 Pq 0
P 0 0 0 0 0 Ps| O 0 0 Pio
P7 0 0 0 0 0O P;| O 0 0 P
Ps 0 0 0 0 Pg O 0 0 Py 0
Po 0 0 0 Py O 0 0 P 0 0
Pio 0 0 P O 0 0 | Py O 0 0
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Dyson—Schwinger equation

G" = Gy + G"J*PGy".

Here G(‘)W and G" are the free and full propagators respectively, /*¥ is a
self-energy contribution. The equation may be rewritten for inverse
propagators as

(S = (So)™ —JH.

Using the A-basis for S*, S{” and J/* we reduce eq.(12) to set of
equations for the scalar coefficients

S:(p*) = Soi(p*) + :(p*), i=1...10
We look for the dressed propagator in the same form
10

0" = 3 P 6%

i=1
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Dyson—Schwinger equation

The existing 6 projection operators take part in the decomposition of unity,

so equation takes the form:

G =Y P

In A-basis we obtain a set of equations for coefficients G;.

G1S;
G2Sy
G3S3+GrSi0 = 1,
G3S7 + G7S6 = 0,
6535 + GgSg = 1,

G5SQ+GQS4 = 0,

1,

1,
(_}434 + Gggg = 1,
6438 + (_}835 0,
GsSe + G10S7 1,
GGSIO + 61053 0.
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Solution of the Dyson—Schwinger equation

The equations are easy to solve:

~ 1 _ 1

G — = G — =

1 3 2 3,

A T

GS_ Al, G4_ AQ, G5 AQ, GG Al, (1)
. -5 . -8 . -8 . -3y
G7_A1’ GS_AQ’ Gg—A—Q, Gio = A

where
A = 85356 — S$7510, Ag = 5485 — SsSs.

G; are coefficients in A basis.
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What does it mean?

B First two terms correspond to spin-3/2 contribution.

B Remaining eight terms should describe two spin-1/2 representations
including the mutual transitions.

B Meaning of nilpotent operators in decomposition ?

Let’s look for some analogies with Dirac fermions
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Simplest example: dressing of single Dirac fermion

Dyson—-Schwinger equation for the dressed fermion propagator G(p):
G(p) = Gy + GXGy.

We will use again the off-shell projection operators A=.

1 p _ 1 p
pIZMZ(H), P :<_>.
2\ 2\

Decomposition of any 4 x 4 matrix depending on p:

2
S(p) = Z PMSM.
M=1

D.-S. equation in this basis takes the form:

GM =Gi' + GMEMGY, M =1,2
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Dressing of single Dirac fermion

Dressed propagator:
G~ = (GH ! - =M.
In more detail:
(GM=1~1 = (G = =M= = g — A(p?) + V2 (1 - B(p?)),
(GM=2)" = (G)'=2) ! - M2 = —my — A(P®) — VP2 (1 — B(p?)),

where A, B are the conventional components of the self-energy

Y(p) = A(p®) + pB(p*) = AT + A %2,

2! = A+ /p?B, 2 = A— /p?B.
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Dressing of single Dirac fermion (renormalization)

Standard procedure of renormalization consist in formal expansion G~!(p) in

terms of p — m and choosing the renormalization constants to fulfill the
condition

G~ (p)=p—m+o(p—m).
With using of the projection operators basis one needs to renormalize the

scalar functions GM, depending on the argument £ = VP2
Let us consider the (G ')~! component (recall that the bare contribution is

(Gy)~! = —mo + /p?) and require its expansion in terms on (y/p?> — m) to

be:
(G = VP —m+o(\/p?—m)

As a result we have the dressed renormalized propagator G(p), which
coincides with the standard expression.
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Dressing of single Dirac fermion (self-energy)

As an example we will consider the dressing of baryon resonance N’
(J” = 1/2%) due to interaction with 7N system. Interaction lagrangian:

Lips =g¥ /(x)75\11(x) - ¢(x) +h.c. for N =1/2F
and

Lini =gV /(x)\I!(x) -d(x)+hec. for N =1/27.

k
ig'\{5// = N igY5

P __

p+k

d*k l l
Z :- 2 5 _ 5 :[.A 2 AB 2
(p) = ig /(2ﬁ)47ﬁ+k_va = m2 (p°) + pB(p”)
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Dressing of single Dirac fermion (self-energy)

Loop discontinuity:
ig” Iy p> +my —m:

@em? " 2p?

ig°my, A

Al = - (27)2

Here
Iy = /d4k5(k2 ) ((p + k)% — mN) ge(p — (my + my) )%

where A(a,b,c) = (a — b — 0)2 — 4bc and g is the CMS momentum.

Parity conservation: P(7N) = (—1)*!
[ A
0] 1/2~
1] 3/2% 1/2F
2 | 5/2— 3/2°

So in the transition N'(1/2%7) — N(1/2%) + w(0~) the =N pair should have
the orbital momentum [ = 1.
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Dressing of single Dirac fermion (self-energy)

According to threshold theorems the imaginary part of a loop should behave
as ¢°'*1 at ¢ — 0. But it is not seen in AA, AB.

Imaginary parts of ¥ components according to (20)
Im Xt =1Im (A+\/p23)wq3, Im X2 =1Im (A—\/pQB)qu

Only the first component X! demonstrates the proper threshold behavior,
i.e. the proper parity.

k
igl ,” ~ N, gl

JP(N') = 1/2- pwp

d*k 1 1
Y(p) = ig? . : = JA(p?) + pB(p?),
(p) = ig /(27)4 A s mn P —m (p7) +pB(p7)

2
A= &M, g g Py

(27)2 @m?°  2p?
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Dressing of single Dirac fermion

Imaginary parts of ¥!> now demonstrate / = 0 and / = 1 behavior

Im$ = 4\FQW [(\thmzv) — }Nq,

Im¥? = g'lo (Vp? — my — my) (v p? — my +mg) ~ .

4\/7(27r)2

The considered examples show that only an ,alive“ component 1 which
has the pole 1/(1/p? — m) demonstrates the proper threshold behavior (i.e.
the proper parity). Another component 2, which has pole of the form

1/( — /p* — m) demonstrates the opposite parity.
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Dressing of Dirac fermion with pariry violation

Let us consider a dressing of the fermion state with parity violation. Such
situation, arises, in particular for dressing of the 7-quark propagator.
Dyson—Schwinger equation has the same form but the self-energy
contribution > contains the parity violating terms

S(p) = A(p*) + pB(p*) +~v°C(p*) + p+°D(p?).

Now the basis will contain four operators:
Pi=A" Py=A", P3=A%"", Py=A"7%,

where Py o are projection operators and P34 are nilpotent ones. The
expansion of any y-matrix depending on p now has the form

4

S(p) =) PM3M.

M=1
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Dressing of Dirac fermion with pariry violation

This set of operators has simple multiplication properties.

Pr Pa Pz Py
Pr1Pr 0 P3 0
Po| 0O Py 0 Py
Ps| 0 Py 0 P
Py | Py 0 Py 0

Let us denote the inverse dressed and bare propagators as S(p) and Sy(p)

respectively. With using of the A-basis the Dyson—Schwinger equation is
reduced to

SM— (Z) —M M=1,... .4

So the problem is reduced to reversing of the known S(p) matrix

( 24: PuG") (24: PLSH) = Pi+Po.
M=1 L=1
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Dressing of Dirac fermion with pariry violation

We obtain the set of equations on the unknown coefficients G¥

G'S'+G°S* = 1 G'S°+G’S* = 0
G*S* +G*'S° = 1 G'S'+ G*S§* = 0,

which are easy to solve. The answer is

S LS S S

Gi=22 Go=2L Gy=-22 (G, =-=%
N 2= A 3 A 4

where A = S;Sy — S38;.

This example resembles the dressing of the Rarita—Schwinger field by its

algebraic structure but it contains only few degrees of freedom.
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Joint dressing of two fermions of opposite parities

Let us consider the nearest analogy to the Rarita-Schwinger field: the joint
dressing of two fermions of different parity 1/2=.
Now the Dyson-Schwinger equation has matrix form

Gij = (GO)ij+GikEkl(GO)lj, i, j,k,l=1,2.
The basis contains four operators:
Pi=A", Pa=A", P3=A"y, Py=A"7%,

where P; o are projection operators and P34 are the nilpotent ones.
Decomposition of any y-matrix, depending on p, has the form

4
S(p) =) P"SY,

M=1

but now SM are matrices 2 x 2.
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Joint dressing of two fermions of opposite parities

This set of operators has very simple multiplicative properties.

Pr Pa Pz Py
Pr1Pr 0 P3 0
Po| 0O Py 0 Py
Ps| 0 Py 0 P
Py | Py 0 Py 0

The Dyson-Schwinger equation reduces to the matrix equations:
(_}131 + (_}334 = Ey,
GoSy + G4S3 = Eo,
(_}133 + 6332 =0,
(_}431 + 6234 =0,

where E5 is the unit matrix 2 x 2.
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Joint dressing of two fermions of opposite parities

Solution of D.-S. equation:

G = [81 - 5(3) '8 G =[S~ 5:(3) '8

Gy =[S - 8:(%) '8 S(S) 7 Gi=—[S - Su(3) 8] 83"

Now let us concretize these general formulae. Suppose that we have two
fermions of opposite parities, but there is no parity violation in lagrangian. It
means that the diagonal loops contain only the / and p

1 1 )
@7 =

while the non-diagonal ones should have ~°

1 9 e
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Joint dressing of two fermions of opposite parities

So the decomposition of inverse propagator in this basis has the form

_ E—3xW 0
S(p) = 7>1< ™ 11 )

0 —mo + E — 282)

=(2)
+ P :
: < 0] —Mmo — E — E%)

+ P _ o+ P _ 2.
’ ( —s® 0 ) 4( —s 0
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Joint dressing of two fermions of opposite parities

Substituting all into general solution, we have the dressed matrix propagator

—mQ—E—E_)%Q O —m2+E—iéQ O
_ AT A — A
G _A 01 —m —E—i%l —|_ A 02 _ml—i_E_iil —|_
Ay

(2)
Here

Ng=(—m —E-=35)(—mg+E—35y) 51,55 =A(E— —E).

The appearance of nilpotent operators in decomposition (2) is an indication
for transitions between states of different parities.
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In search of analogy

Summarizing our consideration of the dressing of Dirac fermions:

1) We found very convenient the using of the projection operators
A* = (1 £ p/+/p?)/2 to solve the Dyson-Schwinger equations.

2) AT are very useful in another aspect: its coefficients have the definite
parity. There is such correspondence: the parity of the field V¥ is the
parity of ,alive“ component A", which has the pole 1/(E — m).
Another component A~ which has the pole 1/(—E — m) demonstrates
the opposite parity.

3) In contrast to boson case, even if the interactions conserve the parity,
the loop transitions between different parity fields are not zeroth.

4) The joint dressing of two fermions has different picture depending of
parities of mixing fields.

JP=1/2* & JP=1/2% JP=1/2% & JP=1/27

AT — AT AT — A~
A~ e A~ A~ — AT
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Spin-parity of the Rarita-Schwinger field

Studying the dressing of Dirac fermions gives us some hint: presence of the
nilpotent operators P7;—P;g in decomposition of propagator G*”(p) is an
indication on the transitions between components of opposite parities 1/2*.
To make sure in this conclusion, we can calculate loop contributions in
propagator.

As an example we will take the standard interaction lagrangian 7N A

Lint = gena ¥ " (x)(" + 299" W (x) - 0,0(x) + h.c. . (3)

Here z is arbitrary parameter.
The one-loop self-energy contribution is

k
Y%
po oo
YW MW
p+k
d4k | |
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Spin-parity of the Rarita-Schwinger field

Discontinuity of the loop contribution in p basis.

Al = —ngIOT—jS)\(S, m3, m2),

Al = —ngIOﬁ (s + mJQV — m?r))\,

Ay = —ig’l ’171—2]\; (A + 62\ — 36227717%8),

Aly, = _ngIOW [(s + mJQV — m?r))\ + 1225\ + 362%s(s® — m?rs — 2m12vs — mimfv + m}‘{,)],
Als = ngIOZ—]: [(s — mIQV +m2)? + 22(s — mJQV + m2)? + 42°m3s],

Ay = ig2[0§ (s + my — m2)(s — my + m2)? + dzs(s — m%, + m2)(s — m3 — m2) +

2

42%s(s* — mss — 2m]2vs — m?rmfv + mf{/)],

3 1
Al = ig2[0\/— ' Sae [(s — mJQV + m%))\ + 42s(2s° — m?rs — 4m]2vs + me(] — m]2\,m72T — mf;) +
S S
122%5(s? — m2s — 2m3;s — m3m2 + my)],
3
Alg = —ngIO\/— : ZI:—N [(s* + 4mZs — 2m¥ys + m* — 2m*m2 + m}) + 6zsm?],
S S
Aly = Af
Aljg = —Al.
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Spin-parity of the Rarita-Schwinger field

Here [y is the same base integral, arguments of function \ are the same
anywhere, but are shown only in first expression.

We saw for case of Dirac fermions that the propagator decomposition in
basis of projection operators demonstrates the definite parity. We can
expect the same property for Rarita-Schwinger field in A-basis. Let us
verify it by calculating the threshold behavior of imaginary part.

Indeed, after some calculations:

A, = AL+EAL~ g
Al = Al —EAL ~¢°
Al; = AL+EAL~ g’
Ay, = AL —EA]~q
Al = Als+EAN;~qg
Ay = Al —EANG ~ ¢°.

Such a behavior indicates that the components J;, o exhibit the spin-parity

3/27%, while the pairs of coefficient J3,Js and J5, J; correspond to 1/2%, 1/2~
contributions respectively.
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Conclusions

v We obtained the general analytical expression for the interacting
Rarita-Schwinger field propagator (in "rainbow aproximation”) with
account of all spin components. It solves an algebraic part of the
problem, the following step is renormalization.
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Conclusions

v We obtained the general analytical expression for the interacting
Rarita-Schwinger field propagator (in "rainbow aproximation”) with
account of all spin components. It solves an algebraic part of the
problem, the following step is renormalization.

v We found that the nearest analogy for dressing in the spin-1/2 sector
is the joint dressing of two Dirac fermions of opposite parities.
Calculation of the self-energy contributions in case of A isobar
confirms that in the Rarita-Schwinger field besides the leading
spin-3/2 contribution there are also two spin-1/2 components of
opposite parities.
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Conclusions

v We obtained the general analytical expression for the interacting
Rarita-Schwinger field propagator (in "rainbow aproximation”) with
account of all spin components. It solves an algebraic part of the
problem, the following step is renormalization.

v We found that the nearest analogy for dressing in the spin-1/2 sector
is the joint dressing of two Dirac fermions of opposite parities.
Calculation of the self-energy contributions in case of A isobar
confirms that in the Rarita-Schwinger field besides the leading
spin-3/2 contribution there are also two spin-1/2 components of
opposite parities.

v" We suppose that an accurate dressing (and renormalization) of the
Rarita-Schwinger field propagator is the more adequate approach for
description of data on A production. As for renormalization — work in
progress.
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