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Self-duality, integrability, and noncommutativity'

D=4+0 cplx. coord.: y = z! + iz? and z = z3 — iz?
self-duality F = *F € u(n) ==
[Dy, D;] =0 = [Dg, 1B}
[Dy, Dz] + [Dz, D3] =0
these are the compatibility conditions of
(Dg — ADz) V(z,A\) = 0 = (Dz+ ADy) V(z, )

W(z, \) € U(n) matrix function, holomorphic in A
\: spectral parameter € C ~ S2
twistor space: R* x S2 = U/ UU_ (two patches)

gauge potential from auxiliary W:

Ag — M, = \lf(ag — )\az)\lf_l
Az 4+ AAy = W (85 + 29y w1 (1)

reality condition «+— normalization:

Al=-4, & Vi(z,-1/)V(z,\)=1 (2
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Splitting method
W (\) has poles at \=0 or \=c0 — patch up!

W (\) on Uy W_(=1/)\) on U_
transition function f_ := W 'W_ on Uy NU_

= (05— A02)f4_=0=(0z+ \0y)fy_
= f4+_ = f4+_(y—AZ,z+Ay,\) holomorphic

reality condition: f_TI__(—l//"\) = f4+_(N)
v () Wi(=1/3) = ¢

with (nonunitary) gauge freedom W4 — g— 1wy

task:

solve parametric Riemann-Hilbert problem on S2
& split given f4 _ in \U_‘i_lw_ s.t. W4 extends to Uy

< find trivialization of hol. bundle over twistor space

then reconstruct 4, via (1), gauge-trsfm. to real A,
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Fo w acSs, thrvc’u!—\«, Palle (283
Dressing method

W () has poles at A=y, k=1,...,» — ansatz!

simplify: complex gauge A; = 0 and put Az = 0
“solution” Ay = e*“’aye"’ T (— e_cbc'i?z(-)q>

= 8g(e‘¢8ye¢’) + 8g<e_¢3ze¢) =0  Yangeq.
linear system:

(85—202)W = NA, W (03 \0y) W = —AAy W

asymptotics: may choose
(=) = il and V(A= o0) =ent

reality property: € = Ww(\) wi(—1/X) (3)
reconstruct gauge potential:
Ay = W) (8; — 305) w(N) 1

Ay = W) (8y + La5) w1 (4)
generate new solutions from old ones: Wyew = x Woiq
with ansatz -

i AN(1+pp)
=1~ B
A=
task:

insert ansatz into (3), (4) and exploit pole structure!
4



Single-pole ansatz

simplest case (single pole, moduli p):
\ -
(14-pp) =
A—
P to be determined, group-valued but A-independent

\Uold = = W()\) = 1 —

(5)

egs. (3) and (4): LHS are \-independent —
RHS have zero residues at poles A=p and \A=—1/u

3) = P°=P="P hermitian projector

= P =T —Tl? i with “column vector” T

(4) = P(Oy—pd:) P = 0 = (1-P) (0:+pndy) P
P (85+udy) P = 0 = (1—P) (9y—ids) P

& A=—P)LT = 0 with L= 3z+f‘8?7

Oy— 0z

& IE = 48 eigenvalue equation (6)

preprotentials and gauge connection:

e® =1-Q+up) P ,

A, = -8R 5;P and Ay = P

to be constructed from solution of eigenvalue egn.



Noncommutativity

(f - 9)(x) = f(z) g(z) deformed to
(f*9) (@) = f(z) exp {18,0" 8,) ¢(x)

with 6#Y = —QYH* = constant
coordinate functions: zHxz¥ — zVxxt = OV
066 0O
standard form: ((JW) — (—008 8 00,)
0 0-6¢0
specializeto #' = —0 (anti-self-dual)

= g — kY = 200 = 2%z — ZxZ

Moyal-Weyl map (f(y,g,z,z),*) & (F(a, al, b, bT),-)
with oscillators [a,af] = 1 = [b, bT] put 260=1
— - F = Weyl-order [f(a, al, b, bT)]

=2 b ) “symbol of F”

8yf < —l[al, Fl 85f + la, F] etc.
[d*z f(z) = (2n0)?tryF
two-oscillator Fock space H spanned by
(ah)™ (61)"2]0,0)  m1,m € No

|nlan2> == 'n'l no!
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D=4+0: Instantons in nc Yang-Mills u(2)

splitting method generalizes to noncommutative case!

deform simplest Atiyah-Ward ansatz:
(0 41 A OGS A e
F+- = (—1 0 ) (p/\_1> Yo (_,\ 0 )
reality: pf(z,—1/)\) = p(z, )\)

holomorphicity: (95 — A\0z)p = 0 = (9z + \9y)p
Laurent decomposition p(z,\) = p— + po + p+

splitting: f_|__=\l!_"|_1\u_ with

12 =1
= 1 ( p+) e (po+p—/\ )

N

this yields nc generalization of CFtHW ansatz

Ay = T_}“V% <¢ 6u¢_1 = ¢—1au¢>

A potp4

1o i 2
+ 5 (604071 + 67 10u9)
where ¢ = /pg and 7,,, is the asd 't Hooft tensor
but F —xF o ¢~ (08,0542 + 0,05¢2) =1 =0

7

Ap— 1

(7)



dressing method also works in noncommutative case
but is easy only for self-dual ¢
yields the nc BPST instanton:

~ 2 2 4
& o S
Ay =
= 1 g \/r2+/\2+49_
\ Vr2HA2V/r24a2—20 20\ re+AR+20 T
( \/r2+/\2—29_1 T 1 2
. T2+ A2 200 oD R o
, =

0 r2bA2140 1\ z
\ r24+N\2420 26 }

toeva M, 0.L., Wolf 20072
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D=3+0: Monopoles in nc Yang-Mills-Higgs

dimensional reduction: 94 =0 and Ag=¢ , 6=0
& 0,—0;=0 and Dy =xF Bogomolny
splitting method: transition function simplifies
foo=Ffr_(w,N) with w()=2z34+2g-— 21y

deform simplest su(2) BPS monopole transition function:

fars ) = (5007 D0V ) = Hes(-1/%

)\—16—-10 we—W

noncommutativity:
w = 2234 Aaf— A~ %(aﬁ LX) Lat-¢)
U , W= u—u:

e — U O ) G
o Az e %y e~ 0 ev

w wu=z+Xal, v=X2"la—z, Wi(p) from(7)

e¥—e’w e’ Weyl ordered

o2z /-I:dt o2tz At ol AR (1 =t)a

p=¢e%w™

= p— + po + P+ Laurent decomposition

po =Ssinh(2R)/R  with R = z3 + &¢

6.L. & 4D Rogev 2003 10
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solution:

Ok +34 2 =305
A = ek E(”O 29;po” = Po 295 po 2)
1l At 41 +1 /1t
=t ?<Po 2az'lo() : + Po 282-,00 2) + o3
o; 41 _a 24 Sl
0 = Ay = Z(0g20i057 - 05200 2

is not real (except for ¢):
need to gauge transform to a real solution

A!=g 1 (A;+08)g and @I=g lpg
via a nonunitary gauge transformation from
g? =V ) TL(-1/%) |, _,
matrix g2 is complicated and involves pL; as well
commutative limit; g2 = 2%'%i s g = e%'%i

A,i — Efz] 57<;—2C0th(27’)) + g;

O‘k 183(1 2 )
2i » \r sinh(2r)
O; Tj

— = (1 -2 coth(27~)>

Y
P
Q
|

o
?’r

©
Q
[

21 r \r

gps v 2



D=2+1: Solitons in nc Yang-Mills-Higgs

reduction 8, = 0 and Wick rotation z1 = it
combine z=23+iz2 — a st [a,al] =1
obtain WZW-modified integrable sigma model  Waal198$

the dressing method goes noncommutative:
start from W4 = 1 and obtain [see (5)]

A(L14-pfr)

WV (a, aT,t, A)=1-— Pla; aT,t)

absence of \-poles in (3) yields P2 = P = Pfi
parametrize projector P = T(TTT)~171
u(n),rankr: T is nxr and P is nxn matrix
absence of \-poles in (4) yields (1—-P)cP =0

¢ = (cosh7)a— (ePsinhr)al — Bt = U®) aUT(2)
moving-frame coordinate via ISU (1, 1) transform
U(t) — e afz—& a? e(ﬁ al—p a)t

produces “squeezed states” |n)r = U(t)|n)
solutien. ©5® = Vleo =1 —((1-Fun)P@)
describes soliton moving with constant velocity 7( 1)
and energy E(%) = Ztr[Vo! - Vo] = f(¥)E(0)

12



static solutions: c—a — [

equation of motion: (1—-P)aT L 0
since (1-P)T =0 it suffices to have

al = Ea for any rXr matrix «

; ; |
nonabelian soliton: a=1a = [e¢,T]=0
solution: 7' = matrix of rational functions of a

example (n=2, r=1): E =8nx N :=ala

L (3 e
Tl (’7) = 75— ( IN=toyey N4y )

a =

L i
“NFE NI

abelian soliton: T = (|21),]22),...,[2")) states
take o« = diag(zl,22,...,2") with 2* € C
then a|2) = 2*|2%) = b = g7'al=7a |0)

rank-r projector P = Y37 ._ [2")({z’]2")) 71 (<]
E =8nr — rlumps of energy in positions z*

although Qip = r these are no true multi-solitons
since overall “boost” a — ¢ gives no relative velocity

13



multi-solitons by iterated dressing (5):

v o= ﬁ(1+ 2% pY = 1 4o mE
— .,]' ——
j=1 ATH =17~ Mg
if all 1; are mutually different
nopolesin(3) — [IP4I=TPY(Ty,pu;) , e ®

nopolesin(4) — ¢ T} e Ty, o,
where ¢ = Ur(t) aU,if(t) given by uy
choice of matrix 7. (c;,) creates explicit solutions

m lumps of energy moving with velocities vz (ux)
and carrying energies of E;, = 8x f (4} ) r; each

O.L. &“.\.\’o?ov ZOO\
Scattering?

analysis of asymptotic behavior — no scattering!
allow for coincident poles L, — scattering:

nonabelian multi-solitons may scatter at angles ¢ = w /4

abelian configurations form bound states

Ot &R Poqov 200
other possibilities:

wave fronts, soliton-antisoliton configurations
Bleling 7260\ 14
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D=2+2 and D=9+1: String field theory

Berkovits’ WZW:-like (super)string field action:
5= %/ [(e_¢G+e¢)(e“¢G+e¢)

1 -
= (e—tcbatetcb){e—thG—l—etd) ,e—tCDG+et<D}}
0

Perleovids (995

where & = d[zH(0),9*(c)] is a string field
carrying u(n) Chan-Paton labels; D =4o0r10

nilpotent currents GT=Q and GT=n are part of
twisted N'=4 superconformal constraint algebra
(PG Ch G G T i Jaa)

string fields are multiplied via Witten’s star product

eq. of motion:  ng(e~PQe®) =0 “Yang”
A:=e%Qe® = nPpA=0=QA+ A2

= (no+\Q+)\A)2=0 “zero curvature”

linear problem (ng + A\Q + NA)WV[xz,¥,\] =0
impose asymptotics and reality condition on W

string field solution e~ %[z, y] = W[z, ¥, \=0c0]
apply splitting or dressing method to string fields

15
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